Abstract. The category of perverse sheaves on the affine Grassmannian of a complex reductive group G gives a canonical geometric construction of the split form of the Langlands dual groupǦ Z over the integers [6] . Given a field k, we give a Tannakian construction of the quasi-split forms ofǦ k , as well as a construction of the gerbe associated to an inner form ofǦ k .
central simple k-algebra such that [A α ] = µ(α). We define a tensor category P (Gr, µ) of "perverse sheaves with coefficients in µ." Roughly speaking, over the component Gr α this category consists of right A α -modules in the category of perverse sheaves on Gr α . The tensor structure on P (Gr, µ) is induced from the tensor structure on the Satake category.
1.2. Theorem. LetG k be an inner form ofǦ k . There exists a group homomorphism µ : π 1 (G) → Br(k) such that P (Gr, µ) and Rep(G k ) are equivalent as tensor categories.
The layout of the paper is as follows: In section 2, we recall the classification of forms ofǦ k in terms of the Galois cohomology of k. In section 3, we explain the formalism of descent of Tannakian categories. In sections 4 and 5 we prove the main theorems about quasi-split forms and inner forms, respectively.
This is nothing but the firstétale cohomology of Spec(k) with coefficients in the sheaf of groups Aut(X). It classifies the k-forms of X, i.e. k-schemes which are isomorphic to X over a separable closure k sep of k. Given a short exact sequence of affine k-groups:
there is a long exact sequence in cohomology:
If A is commutative we can extend this sequence to include the boundary map:
For the rest of this section, G will be a complex connected reductive group andǦ k will be the connected split reductive k-group with root data dual to that of G. We are interested in calculating H 1 (k, Aut(Ǧ k )). Consider the short exact sequence
The forms ofǦ k that lie in the image of the map
are called inner forms ofǦ k . Any form that is not inner is called an outer form. A quasi-split form is one which has a Borel subgroup defined over k. Quasi-split forms of G k are classified by
SinceǦ k is split, the action of Gal(k sep /k) on Out(Ǧ k ) is trivial. Therefore
where ∼ denotes the equivalence relation induced by conjugation in Out(G).
If Q is a quasi-split form ofǦ k , the pre-image of Q under the map
is equal to H 1 (k, Int(Q)). In particular, every form ofǦ k is an inner form of a quasisplit group. In any case, we are reduced to calculating H 1 (k, Int(Q)), where Q is a quasi-split form ofǦ k . In what follows, we continue to work with a split group for notational convenience, but formulas do exist for quasi-split groups as well. Consider the short exact sequence
which yields an exact sequence of pointed sets (2.1)
The first term is difficult to calculate in general, but descriptions of H 1 (k,Ǧ k ) in terms of G do exist over the real numbers (see [2] ) and finite extensions of Q p (see [4, 5] ). On the other hand, the last term of equation 2.1 is actually an abelian group, and has a nice description:
2.2. Proposition. Let k be a field and let G be a complex connected reductive group. LetǦ k denote the split connected reductive k-group with root data dual to that of G.
Then there is a natural isomorphism:
Proof. Let K/k be a finite Galois extension with Galois group Γ. It suffices to prove that
and that Γ acts trivially on π 1 (G) and in the natural way on K × . We define a map
This map is clearly a bijection. In fact, the same map restricts to a bijection
Since Γ acts trivially on π 1 (G), we see that
This implies that µ(α) − µ ′ (α) ∈ B 2 (Γ, K × ) and so we get an isomorphism on the level of cohomology groups.
Since π 1 (G) can be read off from the root datum ofǦ k , we are left with the problem of calculating Br(k). For one-dimensional fields, we can use the main theorems of local and global class field theory. If k is a non-archimedean local field, we have a natural isomorphism
given by taking the Hasse invariant of a central simple algebra. If k is a global field, we have a short exact sequence
where v is a valuation, k v is the completion with respect to v, and the map to Q/Z is the sum of the local Hasse invariants. Along with the Hasse principle, these results show that the problem of calculating the forms of reductive groups over a number field can be reduced to class field theory.
Descent formalism
In this section K/k will be a finite Galois extension with Galois group Γ. Let C be a K-linear category. A descent datum on C relative to K/k is the following (see [3] , 3.13):
(1) for each a ∈ Γ, an equivalence β a :
(1) for every λ ∈ K, f ∈ M or(C), we have β a (λf ) = a(λ)β a (f ), (2) for every a, b, c ∈ Γ, x ∈ C, the following diagram commutes:
By abuse of notation, we will write (β a , µ(a, b)) for any descent datum on C.
A k-linear category C gives rise to a K-linear category C K with descent datum. The objects of C K are K-modules in C, i.e. pairs (x, ρ) with x ∈ C and ρ : K → End C (x) a morphism of k-algebras. The descent datum on C K is given by
Conversely, a K-linear category C with descent datum (β a , µ(a, b)) gives rise to a klinear category C Γ such that (C Γ ) K ≃ C. The objects of C Γ are of the form (x, {a x } a∈Γ ) where x ∈ C and a x : x ≃ − → β a (x) is an isomorphism such that the following diagram commutes for all a, b ∈ Γ:
For ease of notation, we will often write (x, a x ) instead of (x, {a x } a∈Γ ). A morphism in C Γ from (x, a x ) to (y, a y ) is a morphism f : x → y in C such that the following diagram commutes for all a ∈ Γ:
If we wish to make the descent datum explicit, we will write C (βa,µ(a,b)) instead of C Γ .
3.1. Example. Let k be a field and let V ect k denote the category of finite dimensional vector spaces over 
In particular, suppose we have a finite group Γ acting on X via a group homomorphism
Then the isomorphisms µ(a, b) satisfy diagram 3.1 for any sheaf F on X.
3.3.
Remark. Let X be topological space and let Sh(X, K) denote the category of Ksheaves on X. This category has a natural descent datum relative to K/k. For any sheaf F ∈ Sh(X, K) and any open set U ⊂ X, we define
where γ a is the functor defined in example 3.1. Since γ a is exact, we see thatγ a (F) is a sheaf. In fact, the functorγ a is also exact because that the natural map of K-vector spaces
is a bijection on the underlying k-vector spaces for any x ∈ X. We claim thatγ a (λf ) = a(λ)f for any λ ∈ K and any morphism f in Sh(X, K). Indeed, we havẽ
We also make the identificationγ ab =γ aγb . Therefore (γ a , id) is a descent datum on Sh(X, K) such that Sh(X, K) Γ = Sh(X, k). Now suppose we are given a continuous action ρ :
and therefore,
These facts allow us to define a new descent datum (β a , µ(a, b)) on Sh(X, K), where
Remark. Let (X, S) be a Whitney stratified complex algebraic variety with an action of Γ = Gal(K/k). The functorsγ a extend to the bounded derived category
In fact,γ a is t-exact with respect to the perverse t-structure
Sinceγ a is a tensor functor, we know that it commutes with internal hom, hencẽ γ a DF ≃ Dγ a F. This shows that
Therefore, we get exact functors, for all a ∈ Γ:
If no confusion will result, we will continue to denote pγ a as simplỹ γ a .
If Γ acts on X via ρ : Γ → Aut(X), then we have exact functors, for all b ∈ Γ:
which commute with all the functorsγ a . Therefore,
is a descent datum on P S (X, K). Now suppose we have K-linear categories C and C ′ with descent data (β a , µ(a, b)) and (β ′ a , µ ′ (a, b)), respectively. A functor F : C → C ′ is compatible with the descent data if there exist natural isomorphisms η(a) : F β a ≃ − → β ′ a F , for each a ∈ G, such that the following diagram commutes:
In addition, if F is an equivalence we say that (β a , µ(a, b)) and (β ′ a , µ ′ (a, b)) are equivalent.
Proof. We define F Γ on objects of C Γ as follows:
We claim that this defines an object of C ′Γ . Consider the following diagram:
The square on the top left commutes because (x, a x ) is an object of C Γ . The top right square commutes because η(a) is a natural transformation. The bottom pentagon commutes by equation 3.7. Therefore, the compositions along the outside edges are equal:
which establishes the claim. We define F Γ (f ) = F (f ) on morphisms and check that the following diagram commutes:
The left square commutes because f is a morphism in C Γ and the right square commutes because η(a) is a natural transformation. Therefore F Γ (f ) is a morphism in C ′Γ . The rest of the proposition follows easily.
We collect some basic facts about descent of categories:
3.6. Proposition. Let K/k be a finite Galois extension with Galois group Γ. Let C be a K-linear category with descent datum (β a , µ(a, b)) relative to K/k.
(1) If C is abelian and β a is exact and additive for every a ∈ Γ, then C Γ is abelian and the forgetful functor Proof.
(1) Since each β a is additive, we have 0 ≃ β a 0, and this defines a zero object in C Γ . The direct sum of (x, {a x }) and (y, {a y }) in C Γ is defined to be:
This defines an object of C Γ since β a is additive for all a ∈ Γ, and it clearly satisfies the desired universal property. Let f : (x, {a x }) → (y, {a y }) be a morphism in C Γ . Since β a is exact, we obtain the following commutative diagram with exact rows:
The composition of the vertical dotted arrows defines
The following commutative diagram implies that kernels exist in C Γ :
The bottom pentagon commutes because of the identities between various short exact sequences coming "out of the page." A similar argument shows that cokernels exist in C Γ . The exactness axiom and the exactness of the forgetful functor C Γ → C follow immediately.
(2) Let (C, ⊗, 1, φ, ψ) be a tensor category with unit object 1, associativity constraint φ, and commutativity constraint ψ. We define the tensor structure on C Γ as follows:
is the natural isomorphism making β a into a tensor functor. This formula gives an object of C Γ because the following diagram commutes:
The bottom pentagon commutes because µ(a, b) is a morphism of tensor functors, and because β a (κ(b) x,y ) • κ(a) β b x,β b y is the compatibility isomorphism of the composite tensor functor β a β b .
Note that there is a unique isomorphism 1 ≃ β a 1 since β a is a tensor functor. Therefore we get a well defined unit object in C Γ . Finally, we need to check that φ and ψ are morphisms in C Γ . The case of the commutativity constraint follows from this commutative diagram:
Similarly we can set up the following commutative diagram for the associativity constraint:
We have already shown that ω Γ : C Γ → V ect k is a functor. The proof that ω Γ is a tensor functor is tedious but straightforward. The isomorphism
be a short exact sequence in C Γ . Since C Γ → C is exact, we see that
is exact in C. Since ω is exact, we get that
3.7. Corollary. Let K/k be a finite Galois extension with Galois group Γ. Let C be a neutral Tannakian category over K with a fibre functor ω : C → V ect K . Suppose we have a tensor descent datum on C relative to K/k (see Proposition 3.6) . Then C Γ is a neutral Tannakian category over k with fibre functor ω Γ :
Proof. We have shown every part of this corollary except that C Γ is rigid. Let Dx denote the dual of an object x ∈ C and let i x : x ≃ DDx be the duality isomorphism. We also have isomorphisms φ(a) x : D(β a x) ≃ β a (Dx) ( [3] , Proposition 1.9). We define the dual of (x, a x ) to be (Dx, φ(a) x • (Da x ) −1 ). The commutativity of the following diagram shows that this is an object of C Γ :
is the dual of (x, a x ). This follows from the following commutative diagram, for any f : x → 1:
where we identify 1 = D1 and 1 ≃ β a 1 is the unique isomorphism.
Quasi-split groups
Let G be a complex connected reductive algebraic group.
] be the ring of formal power series in one variable, and let K = F rac(O) = C((z)) be its fraction field. We think of G(O) as the complex points of a group scheme G O . Similarly, G(K) has the structure of an ind-group scheme G K , and G(K)/G(O) has the structure of an ind-scheme Gr called the affine Grassmannian of G. Since we work with sheaves in the classical topology, we can think of G O , G K , and Gr as reduced ind-schemes.
Let T ⊂ G be a maximal torus in G and fix a Borel subgroup B ⊃ T . Let N denote the unipotent radical of B. Let X * (T ) = Hom(T, C × ) and X * (T ) = Hom(C × , T ) denote the weight and coweight lattices of T , respectively. Let ∆ ⊂ R ⊂ X * (T ) be the set of (positive) roots and∆ ⊂Ř ⊂ X * (T ) to set of (positive) coroots with respect to B. Let Λ + ⊂ X * (T ) (resp. Λ + ⊂ X * (T )) be the set of dominant weights (resp. coweights), and let Π ⊂ ∆ denote the set of simple roots. Let W = N G (T )/T be the Weyl group of G. Let g = Lie(G) and let
be the adjoint decomposition. Fix a non-zero vector x α ∈ g α for each α ∈ Π. We have a short exact sequence
The surjection Aut(G) → Out(G) restricts to an isomorphism Aut(G, B, T, {x α } α∈Π ) ≃ Out(G) ([10], 2.14). Via this splitting, we conclude that Out(G) acts on each of the following objects G, B, T , X * (T ), X * (T ), R,Ř, ∆,∆, Λ + , Λ + , and Π. Since T ≃ B/N , we get an induced action on N . In addition, Out(G) also acts on N G (T ). To see this let δ ∈ Aut(G, B, T, {x α }) and g ∈ N G (T ). For all t ∈ T , we have
Therefore, δ(g) ∈ N G (T ). This immediately implies that Out(G) acts on W . Given λ ∈ X * (T ), we defineλ ∈ G(K) to be the composition of the following maps: For any ν ∈ X, we have the semi-infinite orbit
These orbits also satisfy closure relations:
where ν − η is a sum of positive coroots. Let δ ∈ Out(G) ≃ Aut(G, B, T, {x α }). Note that δ acts on G O ⊂ G K , hence induces an automorphism of Gr, which we also call δ. The action of δ is compatible with the above stratifications:
for all λ ∈ Λ + , ν ∈ X * (T ). Let k be a field and let D b S (Gr, k) denote the bounded derived category of S constructible k-sheaves on Gr. For example, we could define this category as the colimit of the categories
denote the abelian full subcategory of S-constructible perverse k-sheaves. We can characterize these sheaves as follows ( [6] , Lemma 3.9): A ∈ D b S (Gr, k) is perverse if and only if, for all ν ∈ X * (T ), we have H k c (S ν , A) = 0 for k = 2ρ(ν) where ρ ∈ X * (T ) is equal to half the sum of positive roots.
Let P G O (Gr, k) denote the category of G O -equivariant perverse sheaves on Gr. It turns out that P G O (Gr, k) and P S (Gr, k) are naturally equivalent ( [6] , Proposition 2.1). We recall the fusion/convolution tensor structure on P G O (Gr, k). Consider the following diagram:
Since G O acts freely on G K × Gr, we have an equivalence [1] :
denote a quasi-inverse to q * . The convolution of two sheaves A, B ∈ P G O (Gr, k) is defined as follows:
It is a non-trivial result that the convolution is a perverse sheaf. It follows from the fact that m is a semi-small map. The associativity constraint on this monoidal product is essentially formal. However, the commutativity constraint is more difficult to construct, and involves the fusion product, which must be defined globally on a smooth complex curve X. For our purposes, it suffices to consider X = A 1 C . Let Gr X n = Gr × Spec(C) X n . There is a version of diagram 4.1 of ind-schemes over X, which defines the fusion product. In general, a braided product which is compatible with a monoidal product induces a symmetric monoidal structure. Since fusion is braided and compatible with convolution, we get a tensor structure on P G O (Gr, k). The global cohomology functor H * is a fibre functor for P G O (Gr, k). We recall the main result of [6] : 4.1. Theorem. There is an equivalence of tensor categories:
whereǦ k is the split reductive group scheme over k with root data dual to that of G.
In the statement of this theorem, the coefficients are allowed to be any commutative ring. However, for the purposes of this paper we will only consider field coefficients.
Let us turn now to the case of quasi-split groups. As noted in section 2, the quasi-split forms ofǦ k are classified by
Therefore, the data of a quasi-split form ofǦ k can be represented by a group homomorphism from a finite Galois group to Out(G).
Theorem. Let K/k be a finite Galois extension with Galois group Γ, and let ρ : Γ → Out(G) be a group homomorphism. There is a natural descent datum on
is a tensor functor. Let A ∈ P G O (Gr, k) be a sheaf supported on some Gr λ , such that the action of G O on Gr λ factors through a finite dimensional group G On , where
where a, p 2 : G On × Gr λ → Gr λ are the action map and the projection to the second factor, respectively. Moreover, the morphism φ has the property that i * φ = id, where i : {1} × Gr λ → Gr λ . We claim that δ * A is also an object of P G On (Gr λ , k). Indeed, the following commutative diagram:
/ / Gr λ induces the following sequence of isomorphisms:
and clearly, i * (δ, δ) * φ = id. In order to show that δ * is compatible with the constraints, we must use the formulation of the tensor structure as a fusion product ( [6] , Section 5). Let X = A 1 C , and let Gr X and Gr X 2 denote the families of Grassmannians over X and X 2 , respectively. We can choose a global coordinate on X to trivialize Gr X over X. Let τ : Gr X → Gr denote the projection. Let ∆ X ⊂ X 2 be the diagonal, and let U = X 2 − ∆ X . We have that Gr X 2 | ∆ X ∼ = Gr X and Gr
denote the fusion product. Given A, B ∈ P G O (Gr, k), we need to construct an isomorphism
Consider the following diagram:
Here we have used equation (5.10) from [6] along with the fact that δ is an automorphism of (Gr X × Gr X )| U , which implies that it commutes with j * , j ! and j ! * . Specializing the dotted arrow to any point of ∆ X yields the desired isomorphism c A,B . This argument also shows that the semi-linear functor
is a tensor functor for all a ∈ Γ. Next we define β δ :
and note that it is a tensor equivalence. For δ 1 , δ 2 ∈ Out(G), there is a natural isomorphism β δ 1 δ 2 ≃ β δ 1 β δ 2 described in example 3.2. Let us check that the functors {β δ } δ∈Out(G) are independent of the choice of {x α }. Any two splittings of
are related by an inner automorphism the form Int(t) for t ∈ T (C) ([10], 2.14). Therefore, it suffices to show that ψ * t :
is tensor equivalent to the identity functor for any t ∈ T (C), where ψ t : Gr → Gr denotes left multiplication by t. Consider the underlying functorψ * t : P S (Gr, k) → P S (Gr, k). Any sheaf A ∈ P G O (Gr, k) is a fortiori G-equivariant, and hence comes equipped with an isomorphism A ≃ψ * t A which commutes with morphisms in P G O (Gr, k). Using the same argument as in diagram 4.2, we conclude that ψ * t is a tensor functor and that id ≃ ψ * t is an isomorphism of tensor functors.
Let us show that the functors {β δ } δ∈Out(G) commute with H * . Recall that
where F ν is the weight functor H 2ρ(ν) c (S ν , ). This decomposition yield a canonical split maximal torusŤ k ⊂Ǧ k :
where V ect k (X * (T )) denotes the category of finite dimensional X * (T )-graded vector spaces over k. Consider the following commutative diagram:
Since δ is an automorphism, it is proper, so δ * = δ ! . By uniqueness of adjoints, δ * = δ ! . Therefore, for any sheaf A ∈ P G O (Gr, k) we have:
Therefore, the weight functor F ν applied to β δ A gives:
Since H * ≃ ν∈X * (T ) F ν after forgetting the coweight grading, we find that
We now change the coefficient ring to K. By combining the above discussion with remark 3.4, we have that
is a tensor descent datum on P G O (Gr, K) which is compatible with the fibre functor. By Corollary 3.7, we conclude that P G O (Gr, K) Γ is a neutral Tannakian category. Leť G Let us recall the "Plücker construction" of the canonical Borel subgroupB k ⊃Ť k (see, for example, the appendix of [7] ): given λ ∈ Λ + , let j : Gr λ → Gr be the inclusion and let I * (λ, k) denote the sheaf p j * (k[dim Gr λ ]). Given some other µ ∈ Λ + , we have a natural morphism I * (λ, k) * I * (µ, k) → I * (λ + µ, k).
commutes for all λ, µ ∈ Λ + . ThenB k is the subgroup of Aut ⊗ (H * ) preserving the lines L λ . In fact, we have a canonical basis vector v λ ∈ L λ given by
Recall that the weight lattice X * (Ť ρ k ) is equal to the group of co-invariants X * (T ) Γ for the action of Γ on X * (T ). We will denote the natural projection as follows:
we conclude that there is a canonical Borel subgroupŤ k ⊂B k ⊂Ǧ k .
Inner forms ofǦ k
Let K/k be a finite Galois extension with Galois group Γ. Recall from example 3.1 that V ect K has a natural descent datum (γ a , id) such that V ect Γ K ≃ V ect k . It turns out that we can twist this descent datum to produce other K/k-forms of V ect k . Let
denote the natural isomorphism. Proof. We may assume that ζ is a normalized 2-cocycle. Define the descent datum corresponding to a normalized ζ ∈ Z 2 (Γ, K × ) as follows: to each a ∈ Γ we associate the same γ a defined in example 3.1. Given V ∈ V ect K , we define the natural isomorphism γ ab V ≃ γ a γ b V to be the following map:
In order for this to be a descent datum, the following diagram must commute for all a, b, c ∈ Γ:
We see that this is exactly the condition for ζ to be a 2-cocycle. Now suppose that this Γ-action is equivalent to (γ a , id). This means that we have an equivalence F : V ect K ≃ V ect K and natural isomorphisms ψ a : γ a F → F γ a such that the following diagram commutes:
This shows that ζ comes from a map ψ : Γ → K × , hence is a 2-coboundary. Therefore, H 2 (Γ, K × ) is equal to the set of equivalence classes of descent data on V ect K . Finally, recall the construction of an algebra A in the Brauer class δ[ζ]:
where the multiplication of the basis vectors is given by e a · e b = ζ(a, b)e ab . Given an object (V, a V ) in V ect Γ K , we see that e a → a V is a k-algebra homomorphism from A op → End k (V ). This construction gives an equivalence V ect Γ K ≃ M od A . 
Proof. There is a natural descent datum (γ a , id) on C K , the category of K-modules in
. The proof of Proposition 5.1 implies that the descent datum (γ a , ζ(a, b)) on C K has the following property:
. Given another such algebra C represented by ζ C , we have:
which induces an isomorphism
Therefore, given another such algebra D represented by ζ D , we have that
These equations immediately imply that the corresponding diagrams commute.
Let G be a complex connected reductive algebraic group, k a field, and µ : π 1 (G) → Br(k) a group homomorphism. Recall that π 0 (Gr) = π 1 (G), so we can write
Let P (Gr, µ) denote the following category:
where A α is a central simple k-algebra such that [A α ] = µ(α) ∈ Br(K/k) for some finite Galois extension K/k, and P G O (Gr α , A α ) denotes the k-linear category of right
Let us describe the tensor structure on P (Gr, µ). Fix a representative A α for µ(α) ∈ Br(K/k), for each α ∈ π 1 (G). Let A ∈ P G O (Gr α , A α ) and B ∈ P G O (Gr β , A β ) and let A * B denote the convolution of the underlying perverse K-sheaves. The result is a right 
We define the tensor structure on P (Gr, µ) as follows:
The fact that this tensor structure is well-defined follows from Lemma 5.2.
Proof. Let K/k be a finite Galois extension such thatǦ K ≃G K . Let Γ be the Galois group of K/k. Recall thatG k is represented by a one-cocyle [c] ∈ H 1 (Γ, Int(Ǧ K )). Let We now define an equivalent descent datum on P G O (Gr, K) as follows:
(γ a , ζ(a, b) · id)
The fact that this is a tensor descent datum follows from the following enlargement of diagram 5.1:
which shows that elements of Z(Ǧ K ) act by tensor automorphisms. We have used the identification π 1 (G) ≃ X * (T )/X * (T sc ), where T sc is the pre-image of T under the natural morphism G sc → G. The fact that these two descent data are equivalent follows from the fact that Let us denote the latter category as P (Gr, ζ). We will describe the objects of P (Gr, ζ) that are supported on each component Gr α ⊂ Gr, for α ∈ π 1 (G). Recall that the cocycle ζ is a map Γ × Γ → Z(Ǧ K ) = Hom(π 1 (G), K × )
so that, for a fixed α ∈ π 1 (G), we have ζ( , )(α) ∈ Z 2 (Γ, K × ). Let (F, a F ) ∈ P (Gr, ζ) such that F is supported on Gr α . This means that the following diagram commutes: 
where the multiplication of the basis vectors is given by e a · e b = ζ(a, b)(α) · e ab . Therefore, we have constructed an equivalence of k-linear abelian categories:
P (Gr, ζ) ≃ P (Gr, µ).
A version of Lemma 5.2 for tensor categories implies that this identification is an equivalence of tensor categories.
5.4.
Remark. Note that P (Gr, µ) has a fibre functor with values in V ect K , defined as the composition
Given a rigid abelian tensor category C over k with a K-valued fibre functor, we can define the stack F ib(C) : k-alg → Gpd such that F ib(C)(R) is the groupoid of all R-valued fibre functors on C. In fact, F ib(C) is a gerbe (see [3] , 3.6 -3.10). In our situation, this theorem implies that that F ib(P (Gr, µ) ) is equivalent to the gerbe associated to the inner formG k .
